Plasma wakefields [1] offer a potential basis for novel high-energy particle accelerators [2] due to the high field gradients plasma can support. In this work, we investigate the use of a pre-formed plasma channel for the controlled monoenergetic acceleration of a witness [3] . Typically acceleration in such hollow plasma channels, as well as in dielectric waveguides [4] , is limited by the beam breakup (BBU) instability [5] [6] [7] . Using three-dimensional particle-in-cell simulations, we show for the first time that BBU can be avoided by using a co-axial plasma filament in the hollow channel. The highcurrent electron driver scatters electrons from the on-axis filament, leaving an ion column which focuses both the driver and the trailing electron witness bunch. The slow pinching of the ion column leads to a strong dynamic chirp of the effective betatron frequency along the beam length, preventing growth of the BBU instability. We show that this stable configuration allows transformer ratios as high as 10 to be achieved with an energy efficiency of 40%. The co-axial channel is also suitable for high-gradient acceleration of donut-shaped positron bunches.
Plasma wakefields [1] offer a potential basis for novel high-energy particle accelerators [2] due to the high field gradients plasma can support. In this work, we investigate the use of a pre-formed plasma channel for the controlled monoenergetic acceleration of a witness [3] . Typically acceleration in such hollow plasma channels, as well as in dielectric waveguides [4] , is limited by the beam breakup (BBU) instability [5] [6] [7] . Using three-dimensional particle-in-cell simulations, we show for the first time that BBU can be avoided by using a co-axial plasma filament in the hollow channel. The highcurrent electron driver scatters electrons from the on-axis filament, leaving an ion column which focuses both the driver and the trailing electron witness bunch. The slow pinching of the ion column leads to a strong dynamic chirp of the effective betatron frequency along the beam length, preventing growth of the BBU instability. We show that this stable configuration allows transformer ratios as high as 10 to be achieved with an energy efficiency of 40%. The co-axial channel is also suitable for high-gradient acceleration of donut-shaped positron bunches.
Plasma-based accelerators consist of a driver which excites a plasma wake, which is in turn used to accelerate a trailing witness bunch. The driver can be either an intense laser pulse [8] or a charged particle bunch [9] . In this work, we focus on the latter. One can use short -shorter than the plasma period -drive bunches in quasi-linear [10] or blowout [11, 12] regimes. Alternatively, one may harness the self-modulation of longer bunches in plasma [13, 14] . For the accelerating medium, one may choose either uniform plasma [9] , or a pre-formed plasma channel [15] . Each of these regimes has its own particular advantages and drawbacks.
Perhaps the most promising accelerating scheme is that of the hollow plasma channel [3] . A radially symmetric drive bunch in a cylindrical channel does not generate any focusing or defocusing fields, which would guarantee the conservation of the transverse emittance of the witness [16] . Further, the accelerating field is uniform across the hollow channel, allowing monoenergetic acceleration. A high quality witness bunch is vital for a number of applications, such as future high-energy colliders [17] or XFEL machines [18] . Thus, hollow-plasma-channel acceleration appears the perfect candidate for next-generation particle accelerators.
Unfortunately, hollow plasma channels suffer from a severe drawback -the beam breakup (BBU) instability [5, 6] . As a charged bunch propagates in a hollow channel, plasma electrons in the channel wall respond. The resulting spacecharge results in an attractive force between the bunch and the wall. The plasma response increases as the bunch moves towards the wall, increasing the attractive force. This instability manifests as a hosing of the beam: an oscillation of the beam centroid along its length [19] . Ultimately, the bunch tail hits the wall of the channel and the bunch is destroyed. The characteristic growth distance of the BBU instability is sufficiently short that no significant energy exchange from the driver to the wake can be achieved before the driver is lost. A similar instability is observed in dielectric-based accelerators [7] .
BBU is well known in conventional linear accelerators [20] . There, it is controlled through BNS-stabilization [21] , in which an energy chirp is applied to the bunch. The resulting head-to-tail chirp in the betatron frequency breaks the resonance between the beam and channel, suppressing the instability. The chirp must be consistent with the focusing properties of the quadrupole guiding structure [22] , and must be maintained over the whole accelerating/decelerating distance. Recently, BNS stabilization has been successfully applied to dielectric-based accelerating structures [23] . However, even with current state-ofthe-art magnetic quadrupole technology, offering field gradients on the order of 1 T/mm, the attainable accelerating field is limited to a few 100 MV/m.
Here we show that stable acceleration in a hollow plasma channel can be achieved through the inclusion of a thin co-axial plasma filament. The accelerator configuration is shown in Fig. 1 . We assume the plasma density n in the filament to be the same as in the walls of the channel. The filament radius r f must be small, so that k p r f 1. Here k p = ω p /c is the characteristic plasma wave number, with ω p = 4πne 2 /m is the corresponding electron plasma frequency. If we use an electron drive bunch with a current
, where I A = mc 3 /e = 17 kA is the natural current unit, the transverse self-field of the driver will scatter the plasma electrons from the filament. The remaining ion column will guide both the electron driver and a negatively charged witness. Simultaneously, the ion column will slowly pinch due to the high charge of the drive beam. The characteristic pinch time is τ i ∼ (r f /c) M I A /ZmI d , where M is the ion mass and Z is the ion charge. As the ion pinch begins at the head of the driver, the ion density, and so the effective betatron frequency, increases along the length of the beam. This chirp is independent of the beam energy, allowing much larger chirp rates than can be achieved by tailoring the driver energy. The large effective chirp guarantees the bunch stability through the BNS mechanism [21, 22] , even for a monoenergetic driver. To demonstrate stable acceleration in a co-axial channel, we use the fully three-dimensional quasi-static particle-incell code qv3d, developed on the platform of the VLPL code [24] . We choose helium as the background gas with an atomic density n = 5 × 10 16 cm −3 . The hollow plasma channel has a radius k p r c = 3, and the on-axis plasma filament has a radius k p r f = 0.2. In dimensional units, these are r c = 71 µm and r f = 4.8 µm. The filament and channel walls are taken to be singly ionized. We do not discuss here how such a plasma configuration may best be achieved. The standard method to create a hollow channel is by laser ionization [6] . The co-axial filament could, for example, be ionized by a higher-order laser mode or even by the self-field of the drive bunch [25] .
Both the driver and witness have an initial particle energy of 2 GeV. The driver consists of two bunches. The main driver has a ramped density profile, with a current increasing from zero to 10 kA over 570 µm, and a Gaussian transverse profile with σ ⊥ = 1.7 µm. The bunch duration is approximately equal to the characteristic pinch time for the ion column.
Such ramped density profiles minimize the decelerating field acting on the driver [26] , allowing a larger transformer ratio. However, the high-current driver used here modifies the equilibrium radius of the channel, increasing the plasma density in the channel walls. This results in a larger accelerator loss factor [5] , i.e. a stronger coupling between the drive beam and the channel. The optimal gradient for the main drive bunch is therefore lower than for a constant loss factor. We here make use of a logarithmic ramp profile I(x) ∼ log(1 + αx/L), with α = 0.057, which corresponds to a first-order correction to the plasma response.
An additional nonlinear wake term arises due to the scattering of electrons from the on-axis filament. This increases the decelerating field near the leading edge of the driver, reducing the transformer ratio obtained from commonlyused driver profiles, e.g. the double-triangular bunch [27] . We avoid this limitation through the use of a second drive bunch which precedes the main driver, scattering the filament electrons before the peak decelerating field is reached. The leading bunch has a Gaussian rise, σ || = 120 µm, with a sharp cut to zero at its peak of 610 A. The transverse profile is the same as the main driver. The two drive bunches partially overlap, with the start of the main driver 53 µm before the peak of the preceding bunch.
The combined current profile of the two drive bunches, and the resulting wakefield, is shown in Fig. 2 . The maximum decelerating field is E − = 0.019E c , where the critical field E c = cω p m/e = 22 GV/m for the chosen plasma density. The field structure has an unloaded transformer ratio T R = 13.6. This value is 86% of the theoretical maximum for a main drive bunch of this length [28] . We note that the decelerating field after the peak is flat to within ±2.3%. Further optimization would require a higher-order treatment for the plasma response.
The leading edge of the witness is located 49 µm behind the rear edge of driver. Its transverse profile is Gaussian with σ ⊥ = 1.2 µm, and a peak current of 7 kA at its leading edge, decreasing linearly over its 36 µm length. This density profile is chosen to correctly load the wakefield. The average accelerating field experienced by the witness < E + >= −0.2E c corresponds to a loaded transformer ratio T R = 10.2.
Without the co-axial plasma filament the driver rapidly becomes transversely unstable. The BBU growth observed in the qv3d code is in good agreement with analytical models, as seen in Fig. 3 , which compares simulations with the numerical solution of Eq. (13) from reference [5] . The results diverge as the plasma response becomes nonlinear due to the limitations of the analytic model, for example in wider channels as the influence of phase mixing becomes stronger [29] . For the parameters used in Fig. 1 , BBU results in the loss of the witness beam over distances as short as L BBU ≈ 4000k −1 p ≈ 10 cm, limiting the energy gain to ∼ 400 MeV.
The presence of the co-axial plasma filament, however, stabilizes the system so that BBU is avoided completely. We follow the acceleration over a total distance of L acc = 2×10 5 k
The phase-space evolution of the driver is shown in Fig. 4a . We observe that at the end of the acceleration length, the driving bunches have lost ∼ 86% of their total energy.
The phase-space evolution of the witness bunch is shown in Fig. 4b . The witness initially develops a negative energy chirp, in agreement with the field at L = 0 shown in Fig.2 . However, as the witness is accelerated, it dephases with the drive beam, and so experiences a non-constant accelerating field over the acceleration length. As we carefully tuned the initial parameters, the gradient of the accelerating field acting on the witness is reversed after an acceleration length of ∼ 3 m, reducing the chirp. Figure 4c shows the energy spectra of the witness bunch. The energy spread initially increases due to the chirp, and subsequently decreases, reaching a near-monoenergetic peak at W ≈ 21 GeV for an acceleration distance of L = 4. the driver gives a transfer efficiency of 46%. The measured energy spread ∆W = 0.2% is limited by the simulation resolution.
The normalized emittance of the witness grows rapidly at the start of the simulation to * = 1.4 µm, and then stays roughly constant over the entire acceleration length, as seen in Fig 4d. The rapid growth of the initial emittance is likely numerical in nature, with the resolution-limited emittance of the simulation estimated at 6 µm.
Due to the use of an ion-column to focus the beam, this mechanism is only appropriate for an electron driver. However, we note that this configuration could be used to accelerate a positron witness bunch with a donut profile, as can be seen from the field configuration in Fig. 1 . As the driver is many times longer than the witness, the effective chirp of the driver alone should be sufficient for stabilisation. We save a detailed investigation of this configuration for future work.
The ability to stably and efficiently accelerate a witness bunch in a plasma channel finally offers a path towards a new generation of novel high-energy accelerators. The combination of high transformer ratio and monoenergetic acceleration potentially makes this technology a serious contender for applications-driven research.
METHODS
Simulations were carried out with the qv3d code [24] . The main simulation (Figs. 1,2,4 ) was carried out with a resolution of ∆ x = ∆ y = 0.07/k p , ∆ z = 0.1/k p , and a simulation box size of 15/k p × 15/k p × 50/k p . The plasma response was modelled with a timestep ∆ t = 1000/ω p , with the witness and drive beams subcycled with a timestep ∆ t = 10/ω p in order to correctly resolve the betatron frequency. 4 particles per cell were used for the bulk plasma, 64 for the drive beam and plasma filament, and 4096 for the witness bunch.
For the parameters used in this work, the peak drive current of 10.2 kA results in an increase in the equilibrium channel radius of ∼ 12%. This leads to an increase in the equilibrium electron density, n eq . The effect can be estimated analytically. To first order, the increase in density varies linearly with the driver current, valid for the small perturbation to the radius observed here. This gives a first-order approximation for the accelerator loss factor κ /κ ∼ n eq /n ∼ 1 + αI [5] . The optimal current gradient for a ramped driver satisfies:
i.e. a logarithmic scaling for the current profile. Assuming the electron perturbation is limited to one skin depth gives α = 0.051 kA −1 . The optimal value found from simulations and used in this work is α = 0.056 kA −1 . The optimal transformer ratio was calculated using the relation
. We here use the length L of the ramped drive bunch, and take k as the resonant wavenumber for the monopole mode for a hollow channel of this radius, k = 0.66k p [5] . This gives an optimal transformer ratio of 15.9.
Simulations of beam hosing in Fig. 3 were carried out for a drive beam of length 29/k p with a Gaussian transverse profile σ ⊥ = 0.07/k p . A cell size of 0.025/k p × 0.025/k p × 0.025/k p was used in order to give a similar number of cells across the channel width as the main simulation. The simulation box size was 6/k p × 6/k p × 40/k p , and both the plasma and beams were simulated with a timestep ∆ t = 10/ω p . The plasma was simulated with 16 particles per cell, and other parameters were as for the main simulation. The semi-analytic solution was calculated by solving Eq. (13) in reference [5] numerically, with arbitrarily small time and spatial step, assuming the driver energy remains constant over the time taken for the instability to develop.
The driver and witness beams have a total charge of 10.7 nC and 443 pC, respectively, corresponding to initial total energies of 21.4 J and 906 mJ. After an acceleration length of 4.8 m, they have energies of 2.89 and 9.43 J. This corresponds to an 86% depletion of the driver, and a witness energy gain of 8.53 J. The latter corresponds to 40% of the initial driver energy, or 46% of the energy lost by the driver.
The normalized transverse emittance is calculated from the macroparticle phase space. An accurate treatment requires that the particle weight w be taken into account, such that *
Here, x is the transverse displacement from the weighted mean transverse position, and x = p x /|p| is the deviation from the weighted mean angle. We take the total transverse emittance to be the geometric mean of the emittance in x and y. Numerical Cherenkov radiation can lead to nonphysical emittance growth in standard Yee-like PIC codes [30] . However, the quasistatic nature of the qv3d code makes it naturally free from this numerical artefact. The minimum emittance that can be accurately modelled is therefore limited only by the simulation resolution. To calculate this limit, we consider a particle beam focused down to some radius x 0 . Particles oscillate at the betatron frequency, and we assume the particles are uniformly distributed over all phases. The normalized transverse emittance is then γ < x 2 >< x 2 > = γ (x 2 0 /3)(ω 2 β x 2 0 /c 2 ) = (ω β γ/ √ 3c)x 2 0 . Choosing γ = 4 × 10 4 and a beam diameter of one cell, x 0 = 0.5∆ x = 0.035/k p , and noting from simulations that the ion column density at the position of the witness is ∼ 6n, the resolution limit for the normalized transverse emittance is ∼ 6 µm.
